Abstract: We prove the existence of a solution to the compressible Reynolds lubrication equation and we show that our solution is unique in the class of nonnegative solutions (under some additional hypotheses, we prove that our solution is unique among all weak solutions). We also prove the strong result that the mapping from the boundary data to the solution is monotone. ©1986 Society for Industrial and Applied Vol. 17, No. 6, November 1986 (C) show that our solution is unique in the class of nonnegative solutions (under some additional hypotheses, we prove that our solution is unique among all weak solutions). We also prove the strong result that the mapping from the boundary data to the solution is monotonic.
1. Introduction. The compressible Reynolds lubrication equation [7, p. 63] is the nonlinear elliptic partial differential equation 6p,V. V (Ph)= V "(h3PvP), P=P,,, xa, X'-'(Xl,X2)(-a, which gives the pressure, P=P(x), that develops in a layer of air of thickness, h h(x), which is confined between two solid bodies when the average of the velocities of the upper and lower bodies is V (V 1, V2). The air is assumed to be isothermal and to be an ideal gas (the density is taken to be proportional to the pressure) [7] . Here, / > 0 is the dynamic viscosity of the fluid, 2 _ _ _ 2 is the region (with smooth boundary, Of) where the upper and lower bodies are in proximity, and Pa >0 is the ambient pressure.
When the thickness of a gaseous fluid layer is of the order of the molecular mean free path of the gas, then the compressible Reynolds equation becomes a poor model for the pressure in the fluid layer. In many applications in the modeling of the mechanical systems of magnetic recording the following modified Reynolds equation [3] has been found to be a good model equation for We note that the implicit function theorem has been used in [5] to obtain the existence of solutions to (1.1) for small values of the velocity, V=(V + V) 1/2. However, our techniques give the existence and uniqueness of solutions to (1.1) for all values of V.
In the mechanical systems of magnetic recording, the pressure developed in the fluid layer is coupled to the deformation of the confining solid bodies (such as a disk or a tape) [8] . In a forthcoming paper, we will give an analysis of the system of coupled partial differential equations for the pressure and the deformation. In this case, h will depend on the deformation and the present results will be useful there. 
Conversely, if u is a nonnegative of (2.1), then
is a nonnegative solution to (1.2). Thus, we shall show that (2.1) has a nonnegative solution.
We set ,(x,u) (x,u) a-X(x,u)vh().
We define a weak solution, u, to the problem" 
L(), V(o)-V(w) (), (2.) f h(x)V(T(v)-T(w))'vdx f (a(x,v)-a(x,w)).vdx, H(a).
Thus, we can set T( v)-T(w) above to obtain (2.6) Proof. The uniqueness of weak solutions clearly follows from the monotonicity result. We will use here an argument due to Carillo and Chipot. See [4] for a variant.
We assume that ql->_q2 a.e. on . First , --0o It follows from subtracting (2.3) with u= u 2 from (2.3) with u u that (3.3) h3(x)V(u2-ul)V-(I(x'u2)-Ix(X'Ul))'vdx'-O' which for given by (3.2) is equivalent to (3.4) iu2-Ul > 3'] h3(x)V(u 2-Ul)V'-(Ix(x. u2)-ix(x. Ul))'vdx Thus, the estimate (3.1) follows from (3.6). Now set n=(nl, n2)=(-A2,A1) and s>0. We then set 
So, from (3.8) we obtain Thus, g L(fa). Also, we have that
where n 2--n 2 + n22 Hence, it follows that for s sufficiently large [2] , [6] can be used to prove that u is a smooth, classical solution to (2.1). However, if ,=0, then a(x,v) is not differentiable at v=0, and it is necessary to show that u is bounded away from zero to be able to prove that u is smooth. Thus, we demonstrate the following theorem which gives a condition on h which guarantees that u is bounded away from zero. Proof. We will use the method of Theorem 3 with ql =, Ul u, q2= I), u 2--. [2] , [6] to be used to prove the following theorem. Then the Reynolds lubrication equation (1.1) has a nonnegatioe classical solution, P, such that P C(f) and such that P is unique in the class of nonnegative solutions.
We note that it is proven in [5] f.
f.
h3p-Ix7P -Idx =-(A.vh)(P-dx<=O.
Thus, P-= 0 a.e. in 2.
